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Abstra
tThis proje
t work report provides a full solution of simpli�ed Navier Stokes equations for TheIn
ompressible Couette Problem. The well known analyti
al solution to the problem of in
ompressible
ouette is 
ompared with a numeri
al solution. In that paper, I will provide a full solution with simple C
ode instead of MatLab or Fortran 
odes, whi
h are known. For dis
rete problem formulation, impli
itCrank-Ni
olson method was used. Finally, the system of equation (tridiagonal) is solved with bothThomas and simple Gauss Method. Results of both methods are 
ompared.
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1 Introdu
tionMain problem is shown in �gure (1). There isvis
ous 
ow between two parallel plates. Upperplate is moving in x dire
tion with 
onstans velo
ity(U = Ue). Lower one is not moving (U = 0). Weare looking for a solution to des
ribe velo
ity ve
tor�eld in the model (between two plates).
U=U
e


U=0


D
 Flow


Figure 1: S
hemati
 representation of Couette FlowProblem2 Fundamental EquationsMost of in
ompressible 
uid me
hani
s (dynam-i
s) problems are des
ribed by simple Navier-Stokesequation for in
ompressible 
uid velo
ity, whi
h 
anbe written with a form:�~u�t = (�~u~r)~u� ~r'+ �~r2~u+ ~g; (1)where ' is de�ned is de�ned as the relation ofpressure to density: ' = p� (2)and � is a kinemati
s vis
osity of the 
uid.We will also use a 
ontinuity equation, whi
h 
anbe written as follows 1:D = ~r � ~v = 0 (3)Of 
ourse, in a 
ase of 
ouette in
ompressible 
owwe will use several simpli�
ations of (1).3 Mathemati
al Formulationof the Couette ProblemIn
ompressible 
ouette problem is not needed tosolve full Navier-Stokes equations. There is no ex-ternal for
e, so �rst simpli�
ation of (1) will be:1I assume 
onstans density of the 
uid.

�~u�t = (�~u~r)~u� ~r'+ �~r2~u; (4)In [1℄ there 
an be found easy proof that in 
ou-ette problem there are no pressure gradients, whi
hmeans that: ~r' = 0; (5)We will ignore a 
onve
tion e�e
ts so, equation(4) 
an be written with a form:�~u�t = �~r2~u (6)Now we have simple di�erential equation for ve-lo
ity ve
tor �eld. That equation is a ve
tor typeand 
an be simpli�ed even more. Let us write
ontinuity equation (3) in di�erential form. Let~u = (u; v), then 
ontinuity equation 
an be ex-panded as follows2:�u�x + �v�y = 0 (7)We know that there is no u velo
ity 
omponentgradient along x axis (symmetry of the problem),so: �u�x = 0 (8)Evaluation of Taylor series3 at points y = 0 andy = D gives us a proof that only one possible andphysi
ally 
orre
t value for y 
omponent of velo
ity~u is: v = 0 (9)Be
ause of (9) equation (6) 
an be written as fol-lows: �u�t = ��2u�y2 (10)Our problem is now simpli�ed to mathemati
alproblem of solving equations like (10). That is nowa governing problem of in
ompressible 
ouette 
owanalysis.2Only with assumption of non 
ompressible 
uid.3Those simple expressions 
an be found in [1℄, 
hapter9.2.4



3.1 Analyti
al soulutionAnalyti
al solution for velo
ity pro�le of steady
ow, without time-
hanges (steady state) 
an befound very easily in an equation:��2u�y2 = 0 (11)And without any 
hanges of vis
osity � it 
an bewritten in form: �2u�y2 = 0 (12)After simple two times integration of equation(12) we have analyti
al solution fun
tion of (12):u = 
1 � y + 
2 (13)where 
1 and 
2 are integration 
onstans.3.2 Boundary Conditions for TheAnalyti
al SolutionSimple boundary 
onditions are provided in thatproblem. We know that:u = � 0 y=0ue y=D (14)Simple applying it to our solution (13) gives amore spe
i�ed one, where 
1 = ueD and 
2 = 0:u = ueD � y (15)It means, that a relationship between u and y islinear. A Better idea to write that with mathemat-i
al expression is: uy = ueD (16)Where ueD is a 
onstans for the problem (initial uvelo
ity vs size of the model).4 Numeri
al Solution4.1 Non-dimensional FormLet us de�ne some new non-dimensional variables4:u = 8><>: u0 = uuey0 = yDt0 = tD=ue (17)4Exa
ly the same, like in [1℄.

Now let us pla
e these variables into equation(10) and we have now a non-dimensional equationwritten as follows:� �u=ue(t � ue)=D �u2eD � = ��2(u=ue)�(y=D)2 � ueD2� (18)Now we repla
e all the variables to nondimen-sional, like de�ned in (17):��u0�t0 �u2eD � = ��2u0�y02 � ueD2� (19)Now we will remove all 0 
hars from that equa-tion (only for simpli�
ation of notation), and theequation be
omes5 to:�u�t = � �D�ue� �2u�y2 (20)In that equation Reynold's number Re appears,and is de�ned as: Re = D�ue� (21)Where Re is Reynold's number that depends onD height of 
ouette model. Finally, the last form ofthe equation for the 
ouette problem 
an be writtenas follows: �u�t = � 1Re� �2u�y2 (22)We will try to formulate numeri
al solution of theequation (22).4.2 Finite - Di�eren
e Representa-tionIn our solution of equation (22) we will use Crank-Ni
olson te
hnique, so dis
rete representation ofthat equation 
an be written 6 as:un+1j = unj+ �t2(�y)2Re(un+1j+1+unj+1�2un+1j +un+1j�1+unj�1)(23)Simple grouping of all terms whi
h are pla
ed intime step (n+1) on the left side and rest of them- on right side, gives us an equation whi
h 
an bewritten as:5Constans simpli�
ation also implemented6That representation is based on 
entral dis
rete di�eren-tial operators.5



Aun+1j�1 +Bun+1j +Aun+1j+1 = Kj (24)Where Kj is known and depends only on valuesu at n time step:Kj = �1� �t(�y)2Re�unj + �t2(�y)2Re(unj+1+unj�1)(25)Constans A and B are de�ned as follows7:A = � �t2(�y)2Re (26)B = 1 + �t(�y)2Re (27)4.3 Crank - Ni
olson Impli
it s
hemeFor numeri
al solution we will use one-dimensionalgrid points (1; : : : ; N + 1) where we will keep 
al-
ulated u velo
ities. That means u has values fromthe range (u1; u2; : : : ; uN+1). We know (from �xedboundary 
onditions), that: u1 = 0 and uN+1 = 0.Simple analysis of the equation (24) gives us a sys-tem of equations, whi
h 
an be des
ribed by matrixequation: A � ~X = ~Y (28)Where A is tridiagonal [N � 1℄ � [N � 1℄ matrixof 
onstant A and B values:A = 26666664 B AA B A: : : : : :A B AA B
37777775 (29)~X ve
tor is a ve
tor of u values:~X = [u1; u2; : : : ; uN+1℄ (30)~Y ve
tor is a ve
tor of 
onstans Kj values:~Y = [K1; : : : ;KN+1℄ (31)7Dire
tly from equation (23).

5 Solving The System of Lin-ear EquationsNow the problem 
omes to solving the matrix - ve
-tor equation (28). There are a lot of numeri
almethods for that8, and we will try to 
hoose twoof them: Thomas and Gauss method. Both arevery similar, and I will start with a des
ription ofmy implementation with the simple Gauss method.5.1 Gauss MethodChoi
e of the Gauss method for solving system oflinear equations is the easiest way. This simple al-gorithm is well known, and we 
an do it very easilyby hand on the paper. However, for big matri
es(big N value) a 
omputer program will provide uswith a fast and pre
ise solution. A very importantthing is that time spent on writing (or implement-ing, if Gauss pro
edure was written before) is veryshort, be
ause of its simpli
ity.I used a Gauss pro
edure with partial 
hoi
e ofa/the general element. That is a well known te
h-nique for taking the �rst element from a 
olumn ofa matrix for better numeri
al a

ura
y.The whole Gauss pro
edure of solving a system ofequations 
ontains three steps. First, we are look-ing for the general element.After that, when a general element is in the �rstrow (we make an ex
hange of rows9) we make somesimple 
al
ulations (for every value in every rowand 
olumn of the matrix) for the simpli�ed matrixto be diagonal (instead of a tridiagonal one whi
hwe have at the beginning). That is all, be
ause af-ter diagonalization I implement a simple pro
edure(from the end row to the start row of the matrix)whi
h 
al
ulates the whole ve
tor ~X . There are myvalues of ui velo
ity in all the model10.5.2 Thomas MethodThomas' method, des
ribed in [1℄ is simpli�ed ver-sion of Gauss method, 
reated espe
ially for tridiag-onal matri
es. There is one disadvantage of Gaussmethod whi
h disappears when Thomas' method isimplemented. Gauss method is rather slow, andlot of 
omputational time is lost, be
ause of spe
ialtype of matrix. Tridiagonal matri
es 
ontain a lot8Espe
ially for tridiagonal matri
es like A9We made it for A matrix, and for ~X; ~Y too.10More detailed des
ription of Gauss method 
an be foundin a lot of books on numeri
al methods, like [2℄.6



of free (zero) values. In the Gauss method thesevalues joins the 
al
ulation, what is useless.Thomas' simpli�
ation for tridiagonal matri
es isto get only values from non-zero tridiagonal part ofmatrix. Simply applying a Thomas' equations forour governing matrix equation (28) gives us:d0i = B � A2d0i�1 (32)u0i = ui � u0iAd0i�1 (33)We know that exa
t value of uM is de�ned asfollows: uM = u0MB (34)Now solution of the system of equations will berather easy. We will use re
ursion like that:ui�1 = u0i�1 �A � uiB (35)That easy re
ursion provides us a solution for thelinear system of equations.6 ResultsMain results are provided as plots of the fun
tion:yD = f � uue� (36)In �gure (2) there is drawn an analyti
al solu-tion to the problem of 
ouette 
ow. That is linearfun
tion, and we expe
t that after a several timesteps of numeri
al pro
edure we will have the same
on�guration of velo
ity �eld.6.1 Di�erent Time StepsIn �gure (3) there are results of velo
ity u 
al
u-lation for several di�erent time steps. Analyti
alsolution is also drawn there.As we 
an see in the �gure (3) - the solution isgoing to be same as analyti
al one. Beginning state(known from boundary 
onditions) is 
hanging andrelaxing.
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analitycal solutionFigure 3: Results for di�erent time steps of numer-i
al 
al
ulations.6.2 Results for Di�erent ReynoldsNumbersIn the �gure (4) there is plot of numeri
al 
al
ula-tions for di�erent Reynold's numbers. For exampleReynold's number depends on i.e. vis
osity of the
uid, size of 
ouette model. As it is shown on theplot there is strong relationship between the speedof the velo
ity �eld 
hanges and Reynold's number.In a 
ouple of words: when Reynolds number in-
reases - frequen
y of 
hanges also in
reases.6.3 Results for Di�erent Grid Den-sityIn �gure (5) there is an example of 
al
ulations ofvelo
ity �eld for di�erent grid density (N number).7
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ulation for same time (t = 2500),same Reynold's numbers (Re=5000) and di�erentgrid density (N number).6.4 Con
lusionSolving of In
ompressible Couette Problem 
an begood way to 
he
k numeri
al method, be
ause ofexisting analyti
al solution. In that report therewere presented two methods of solving system ofequations: Gauss and Thomas' method. System ofequations was taken from Crank-Ni
olson Impli
it

s
heme. Well known linear relationships were ob-served.
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7 APPENDIX A#in
lude <stdlib.h>#in
lude <stdio.h>#in
lude <math.h>#define N (40)#define NN (N+1)void Zamien(double *a, double *b) {double 
;
=*a; *a=*b; *b=
;}void WypiszMa
ierz(double A[NN℄[NN℄, int n) {int i,j;for(j=1;j<n;j++){ for(i=1;i<n;i++) // show matrix{ printf("%2.4f ",A[i℄[j℄);}printf("\n");}}void Gauss(double A[NN℄[NN℄, double *b, double *x, int n) {int i,j,k;double m;// Gauss Eliminationfor(i=0;i<n;i++){ // Step #1: Change governing elementm=fabs(A[i℄[i℄);k=i;for(j=i+1;j<n;j++)if(fabs(A[i℄[j℄)>m){ m=fabs(A[i℄[j℄);k=j;}if(k!=i)for(j=0;j<n;j++){ Zamien(&A[j℄[i℄,&A[j℄[k℄);Zamien(&b[i+1℄,&b[k+1℄); 9



}// Step #2: make it trianglefor(j=i+1;j<n;j++){ m = A[i℄[j℄/A[i℄[i℄;for(k=i;k<n;k++)A[k℄[j℄ = A[k℄[j℄ - m*A[k℄[i℄;b[j+1℄ = b[j+1℄ - m*b[i+1℄;}}// Step#3: Solve nowfor(i=n-1;i>=1;i--){ for(j=i+1;j<n;j++)b[i+1℄ = b[i+1℄-A[j℄[i℄*x[j+1℄;x[i+1℄ = b[i+1℄/A[i℄[i℄;}}int main(void){ double U[N*2+2℄={0},A[N*2+2℄={0},B[N*2+2℄={0},C[N*2+2℄={0},D[N*2+2℄={0},Y[N*2+2℄={0};// initializationdouble OneOverN = 1.0/(double)N;double Re=5000; // Reynolds numberdouble EE=1.0; // dt parameterdouble t=0;double dt=EE*Re*OneOverN*2; // delta timedouble AA=-0.5*EE;double BB=1.0+EE;int KKEND=1122;int KKMOD=1;int KK; // for a loopint i,j,k; // for loops tooint M; // temporary needed variabledouble GMatrix[NN℄[NN℄={0}; // for Gauss Eliminationdouble test;Y[1℄=0; // init// apply boundary 
onditions for Couette ProblemU[1℄=0.0;U[NN℄=1.0;// initial 
onditions (zero as values of verti
al velo
ity inside of the 
ouette model)for(j=2;j<=N;j++)U[j℄=0.0; 10



A[1℄=B[1℄=C[1℄=D[1℄=1.0;for(KK=1;KK<=KKEND;KK++){ for(j=2;j<=N;j++){ Y[j℄=Y[j-1℄+OneOverN;A[j℄=AA;if(j==N)A[j℄=0.0;D[j℄=BB;B[j℄=AA;if(j==2)B[j℄=0.0;C[j℄=(1.0-EE)*U[j℄+0.5*EE*(U[j+1℄+U[j-1℄);if(j==N)C[j℄=C[j℄-AA*U[NN℄;}// Gauss// C[℄ - free// A[℄B[℄D[℄ - for matrix 
al
ulation// U[℄ - X// 
al
ulate matrix for Gauss EliminationGMatrix[0℄[0℄=D[1℄;GMatrix[1℄[0℄=A[1℄;for(i=1;i<N-1;i++){ GMatrix[i-1℄[i℄=B[i+1℄; // GMatrix[1℄[2℄=B[2℄GMatrix[i℄[i℄=D[i+1℄; // GMatrix[2℄[2℄=D[2℄GMatrix[i+1℄[i℄=A[i+1℄; // GMatrix[3℄[2℄=A[2℄}GMatrix[N-2℄[N-1℄=B[N℄;GMatrix[N-1℄[N-1℄=D[N℄;Gauss(GMatrix,C,U,N); // Gauss solving fun
tionY[1℄=0.0;Y[NN℄=Y[N℄+OneOverN;t=t+dt; // time in
rementtest=KK % KKMOD;if(test < 0.01) // print the results{ printf("KK,TIME\n"); // info 1printf("%d,%f\n",KK,t); 11



printf(",J,Y[J℄,U[j℄\n"); // info 2for(j=1;j<=NN;j++)printf("%d , %f, %f\n",j,U[j℄,Y[j℄);printf("\n \n \n \n"); // for ni
e view of several datas}}return (1);}8 APPENDIX B#in
lude <stdlib.h>#in
lude <stdio.h>#define N (50)#define NN (N+1)int main(void){ double U[N*2+2℄,A[N*2+2℄,B[N*2+2℄,C[N*2+2℄,D[N*2+2℄,Y[N*2+2℄;// initializationdouble OneOverN = 1.0/(double)N;double Re=7000; // Reynolds numberdouble EE=1.0; // dt parameterdouble t=0;double dt=EE*Re*OneOverN*2; // delta timedouble AA=-0.5*EE;double BB=1.0+EE;int KKEND=122;int KKMOD=1;int KK; // for a loopint j,k; // for loops tooint M; // temporary needed variabledouble test;Y[1℄=0; // init// apply boundary 
onditions for Couette ProblemU[1℄=0.0;U[NN℄=1.0;// initial 
onditions (zero as values of verti
al velo
ity inside of the 
ouette model)for(j=2;j<=N;j++)U[j℄=0.0;A[1℄=B[1℄=C[1℄=D[1℄=1.0;printf("dt=%f, Re=%f, N=%d \n",dt,Re, N);12



for(KK=1;KK<=KKEND;KK++){ for(j=2;j<=N;j++){ Y[j℄=Y[j-1℄+OneOverN;A[j℄=AA;if(j==N)A[j℄=0.0;D[j℄=BB;B[j℄=AA;if(j==2)B[j℄=0.0;C[j℄=(1.0-EE)*U[j℄+0.5*EE*(U[j+1℄+U[j-1℄);if(j==N)C[j℄=C[j℄-AA*U[NN℄;}// upper bidiagonal formfor(j=3;j<=N;j++){ D[j℄=D[j℄-B[j℄*A[j-1℄/D[j-1℄;C[j℄=C[j℄-C[j-1℄*B[j℄/D[j-1℄;}// 
al
ulation of U[j℄for(k=2;k<N;k++){ M=N-(k-2);U[M℄=(C[M℄-A[M℄*U[M+1℄)/D[M℄; // Appendix A}Y[1℄=0.0;Y[NN℄=Y[N℄+OneOverN;t=t+dt; // time in
rementtest=KK % KKMOD;if(test < 0.01) // print the results{ printf("KK,TIME\n"); // info 1printf("%d,%f\n",KK,t);printf(",J,Y[J℄,U[j℄\n"); // info 2for(j=1;j<=NN;j++)printf("%d , %f, %f\n",j,U[j℄,Y[j℄);printf("\n \n \n \n"); // for ni
e view of several datas}}return (1);} 13
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