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Abstract

In that rep ort solution to incompressible Na vier - Stok es equations in non - dimensional form will b e presen ted.

Standard fundamen tal metho ds: SIMPLE, SIMPLER (SIMPLE Revised) and V orticit y-Stream function approac h are

compared and results of them are analyzed for standard CFD test case - Driv ed Ca vit y 
o w. Di�eren t asp ect ratios

of ca vit y and di�eren t Reynolds n um b ers are studied.

1 In tro duction

The main problem is to solv e t w o-dimensional Na vier-

Stok es equations. I will consider t w o di�eren t mathemat-

ical form ulations of that problem:

� u; v ; p primitiv e v ariables form ulation

� � ;  v orticit y-stream function approac h

I will pro vide full solution with b oth of these metho ds.

First w e will consider three standard, primitiv e comp onen t

form ulations, where fundamen tal Na vier-Stok es equation

will b e solv ed on rectangular, staggered grid. Then, solu-

tion on non-staggered grid with v orticit y-stream function

form of NS equations will b e sho wn.

2 Math bac kground

W e will consider t w o-dimensional Na vier-Stok es equations

in non-dimensional form
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W e consider 
o w without external forces i.e. without gra vit y .
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Where equation (2) is a con tin uit y equation whic h has

to b e true for the �nal result.

3 Primitiv e v ariables form ulation

First w e will examine SIMPLE algorithm whic h is based

on primitiv e v ariables form ulation of NS equations. When

w e sa y "primitiv e v ariables" w e mean u; v ; p where u =

( u; v ) is a v elo cit y v ector, and p is pressure. W e can rewrite

equation (1) in di�eren tial form for b oth v elo cit y comp o-

nen ts:
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W e rewrite con tin uit y equation in the follo wing form:

@ u

@ x

+

@ v

@ y

= 0 (5)

These equations are to b e solv ed with SIMPLE metho d.

3.1 SIMPLE algorithm

SIMPLE algorithm is one of the fundamen tal algorithm to

solv e incompressible NS equations. SIMPLE means: Semi

Implicit Metho d for Pressure Link ed Equations.

Algorithm used in m y calculations is presen ted in the

�gure (1). First w e ha v e to guess initial v alues of the

pressure �eld
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. Then equation (3) and (4) is solv ed to

obtain v alues of ( U

�

)

n +1

, ( V
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n +1

. Next w e ha v e to solv e

pressure-correction equation:
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Next - a simple relation to obtain corrected v alues of

pressure and v elo cit y �elds is applied (see app endix A for

details ab out v elo cit y correction calculaion). A t the end

of time step w e c hec k if solution co v erged.
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Subscripts denote computational step, where "n+1" means cur-

ren t step.

Guess:

(P*)
n
,(U*)
n
,(V*)
n


Solve (3),(4) for:

(U*)
n+1
,(V*)
n+1


Solve (6) for:

(P’)


U
n+1
=(U*)
n
+(U’)

V
n+1
=(V*)
n
+(V’)


Visualization


P
n+1
=(P*)
n
+(P’)


Calculate

(U'),(V') - Appendix A


Figure 1: SIMPLE Flo w Diagram

3.2 Numerical Metho ds in SIMPLE

3.2.1 Staggered Grid

F or discretization of di�eren tial equations I am using stag-

gered grid. In the �gure (2) staggered grid for rectangular

area is sk etc hed. Primitiv e v ariables are placed in di�eren t

places. In p oin ts i; j on a grid pressure P v alues, in p oin ts

i + 0 : 5 ; j u x-v elo cit y comp onen ts and in p oin ts i; j + 0 : 5 v

y-v elo cit y comp onen ts are placed. That simple mo del of

staggered grid giv es us p ossibilit y to use simple discretiza-

tion with second order accuracy whic h will b e discussed

later.

u
i+0.5,j

p
i,j


v
i,j-0.5


v

i,j+0.5


u
i-0.5,j


p
0,0
 u
0.5,0


v
0,0.5


Figure 2: Staggered grid: �lled circles P , outline circles U

x-v elo cit y , cross V y-v elo cit y comp onen t.
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Di�eren tial Discretization T yp e
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T able 1: Discretizations used in SIMPLE algorithm

3.2.2 Discretization Sc hemes

Let us no w examine some n umerical metho ds used in pre-

sen ted solution. F or algorithm presen ted in the �gure (1)

w e ha v e only three equations whic h ha v e to b e discretized

on a grid. First w e ha v e momen tum equations (3) and (4).

Discrete sc hemes used in discretization of momen tum

equations are presen ted in a table (1). Using presen ted

discrete form of deriv ativ es I obtain n umerical sc heme for

momen tum equations exactly in the form presen ted in [1 ].

Equations (3) , (4) discretized on staggered grid can b e

written

3

as follo ws
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and resp ectiv ely w e de�ne:
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Please note than cited [1] reference con tains some prin t mistak es

there.
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Generally I sho w there only an idea ho w to write discretized

equations, they should b e rewritten with "*" and "'" c hars for con-

crete steps of the algorithm
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No w w e ha v e de�ned almost ev erything. Dotted v elo c-

ities should b e also de�ned. I use simple expressions for

it:

_u = 0 : 5 � ( u

i � 0 : 5 ;j

+ u

i � 0 : 5 ;j +1

) (17)

_

_u = 0 : 5 � ( u

i +0 : 5 ;j

+ u

i +0 : 5 ;j +1

) (18)

_v = 0 : 5 � ( v

i;j +0 : 5

+ v

i +1 ;j +0 : 5

) (19)

_

_v = 0 : 5 � ( v

i;j � 0 : 5

+ v

i +1 ;j � 0 : 5

) (20)

3.2.3 P oisson Equation

F or equation I use simple iterativ e pro cedure. In the �gure

(3) p oin ts used for calculation of pressure at eac h ( i; j ) grid

p oin ts are mark ed.

P
i,j
 P
i+1,j
P
i-1,j


P
i,j-1


P
i,j+1


Figure 3: P oin ts on a grid used in iterativ e pro cedure for

P oisson equation solving.
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I use simple 4 p oin ts sc heme for Laplace op erator. Di-

rectly from [1] expression for one iterativ e step of p oisson

equation solv er can b e written as follo ws:
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That iterativ e pro cedure is rather simple - w e use equa-

tion (21) for all in terior p oin ts on a grid. After that one

step of iterativ e pro cedure is done. Then w e c hec k if so-

lution co v erges. W e can do it simply to c hec k maxim um

c hange of pressure on a grid. If it is bigger than � w e

con tin ue iterativ e pro cess. Solution should �nish when

pressure �eld is exactly co v erged � = 0, but in practice I

use di�eren t v alue of � for di�eren t ph ysical prop erties of

sim ulated mo dels - it will b e discussed later.

3.3 SIMPLE Revised algorithm

Guess

(U^)
n
,  (V^)
n


Solve Momentum

eq. (without P)

(U^)
n+1
,  (V^)
n+1


Solve Poisson eq.

for (P
n+1
) using

(U^)
n+1
,  (V^)
n+1


U
n+1 
= (U*)
n 
+ (U’)

V
n+1 
= (V*)
n 
+ (V’)


If not coverged


If coverged


Visualize Results


Solve Momentum

eq. (using P
 n+1
)

(U*)
n+1
,  (V*)
n+1


Solve Poisson eq.

for (P’
) using


(U*)
n+1
,  (V*)
n+1


Figure 4: Flo w c hart for SIMPLER algorithm.

In the �gure (4) I presen t SIMPLE Revised algorithm.

It is easy to extend existing SIMPLE solution to b e SIM-

PLER one.

T reating the b oundary conditions and n umerical meth-

o ds used in SIMPLER solution is almost the same as in

SIMPLE, so I will not rep eat m yself.

4 V orticit y-Stream F unction ap-

proac h

V orticit y-Stream F unction approac h to t w o-dimensional

problem of solving Na vier-Stok es equations is rather easy .

A di�eren t form of equations can b e scary at the b eginning

but, mathematically , w e ha v e only t w o v ariables whic h

ha v e to b e obtained during computations: stream v ortic-

it y v ector � and stream function 	.

First let us pro vide some de�nition whic h will simplify

NS equation. The main goal of that is to remo v e explic-

itly Pressure from N-S equations. W e can do it with the

pro cedure as follo ws.

First let us de�ne v orticit y for 2D case:
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�
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And stream function de�nition is:
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W e can com bine these de�nitions with equations (3) and

(4). It will eliminate pressure from these momen tum equa-

tions. That com bination will giv e us non-pressure v ortic-

it y transp ort equation whic h in non-steady form can b e

written as follo ws:
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Ha ving com bined equations (26), (27) and (28) w e ob-

tain p oisson equation for the 	 v ariable:

r

2

	 =

@

2

	

@ x

2

+

@

2

	

@ y

2
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No w w e ha v e all de�nitions and equations whic h are

needed for v orticit y-stream solution. W e will solv e v ortic-

it y transp ort equation, then new v alues of � will b e used

to solv e equation (30).
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Di�eren tial Discretization T yp e
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T able 2: Discretizations used in V orticit y-Stream algo-

rithm

4.1 Non-Staggered Grid

Instead of using staggered grid in V orticit y-Stream ap-

proac h, w e will place b oth � and 	 v ariables in the same

place as it is sho wn in the �gure (5)

Figure 5: � and 	 v ariables in non staggered grid.

Discretization is straigh tforw ard and easier to imple-

men t in a non-staggered grid than in a staggered grid for

the SIMPLE algorithm.

4.2 Discretization

W e will use sev eral sc hemes to discretize di�eren tial equa-

tion (26). F or P oisson equation w e will use the same tec h-

nique whic h w as presen ted in the SIMPLE algorithm de-

scription, so w e will not rep eat form ulas

5

.

5

F orm ulas for p oisson equation will b e a little bit di�eren t but it

is rather easy to obtain it b y simple discretization of equation (30).

4.3 V orticit y-Stream function algorithm

Algorithm of solution for VS function solution is simplier

than for SIMPLE metho d. It is sk etc hed in the �gure (6).

Set initial
 Solve Vorticity

Transport eq.


Solve Poisson eq.

for


Obtain U,V


If not coverged


If coverged


Visualize Results


Figure 6: Algorithm of V orticit y-Stream solution.

First w e ha v e to set initial v alues for � and 	. I arbitrary

set these v alues to 0. Then V orticit y T ransp ort Equation

is solv ed and new �

n +1

v alues are obtained. After that

simple iterativ e pro cedure is applied to solv e the p oisson

equation. Finally , new v alues of v elo cities are easily found

from (27) and (28) equation.

5 Tw o-dimensional Driv en-Lid

Ca vit y

Let us no w pro vide some examples of practical calculation

for implemen ted metho ds

6

. I will sho w results of Driv en-

Lid Ca vit y 
o w - a standard CFD test case to c hec k the

solution.

Driv en Ca vit y problem is sk etc hed in the �gure (7). Up-

p er lid is mo ving with u v elo cit y . Main goal is to solv e NS

equations inside the ca vit y to obtain v elo cit y �eld (steady

state). First of all w e ha v e to decide ab out b oundary con-

ditions for b oth: SIMPLE and VS approac hes whic h will

b e quite di�eren t.

6

In that section also b oundary conditions will b e pro vided, b e-

cause they are sp eci�ed esp ecially for the giv en problem.
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u


Figure 7: Driv en Ca vit y (lid mo ving with u constan ts v e-

lo cit y .

5.1 Boundary Conditions - SIMPLE and

SIMPLER

F or SIMPLE(R) metho d w e will use BC as follo ws: First

w e ha v e to clear pressure v alues for all b oundaries. W e

use simple expression:

@ p

@ n

= 0 (31)

where n is normal to the w all. It means that for all

i = 0 : : : N X � 1 p oin ts of a grid w e apply:

p

i; 0

= p

i; 1

(32)

and

p

i;ny � 1

= p

i;ny � 2

(33)

W e apply that pro cedure for upp er and lo w er w all re-

sp ectiv ely

7

. Then w e ha v e to tak e care of v elo cities. W e

w ould lik e to apply NOSLIP b oundaries for Driv en Ca vit y

non-mo ving w alls, so w e ha v e to zero v alues of v elo cities on

ev ery w all. First let us mak e trivial op eration: for ev ery

j = 0 : : : N Y � 1 set

v

0 ;j

= 0 (34)

and

v

nx � 1 ;j

= 0 (35)

The same w ork should b e done for u v elo cities, for i =

0 : : : N X � 1 and for j = N Y � 1. Esp ecially for driv en

ca vit y problem w e also ha v e to set u v elo cit y equal to 1 : 0

at j = 0 ro w, whic h is done in a straigh tforw ard w a y .

One problem is to set b oundary conditions at other w alls,

where no v elo cit y grid p oin ts are presen t. W e can do it

with a simple linear in terp olation of near v elo cities i.e. for

u v elo cit y , for ev ery j = 0 : : : N Y � 1 w e set:

7

F or corners simple diagonal v alues are tak en, i.e. p

0 ; 0

= p

1 ; 1

u

0 ;j

= � (2 : 0 = 3 : 0) � u

1 ;j

(36)

and

u

nx � 2 ;j

= � (2 : 0 = 3 : 0) � u

nx � 3 ;j

(37)

The same condition is used for other w alls and v v elo cit y

comp onen ts.

5.2 Boundary Conditions - V orticit y

Stream

In v orticit y-stream form ulation I use simple �rst order ex-

pressions for � deriv ativ es at the w all. First, w e ha v e to

set 	 = 0 at all b oundaries. Then for NOSLIP b oundary

w alls w e use expression (i.e. for j = ny � 1 ro w):

�

i; 0

= 2 : 0 �

	

i; 0

� 	

i; 1

� y

2

(38)
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6 Results

In that section some n umerical results of calculations with three di�eren t tec hniques will b e presen ted. Since results of

calculations are the same I will try to sho w and compare di�erences b et w een metho ds (accuracy , con v ergence sp eed).

Please note that all commen ts are under �gures.

6.1 V orticit y-Stream, Driv en Ca vit y , R e = 500 , Grid: 40x40

Figure 8: Streamlines plot for driv en ca vit y with R e = 500 and 1 : 1 asp ect ratio, grid size 40 x 40. Tw o v ortexes are

found in the corners of the Ca vit y , computed with the V orticit y-Stream approac h. Solution visualized with Streamline

plot tec hnique.
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6.2 Di�eren t Visualization T ec hniques, Driv en Ca vit y , R e = 500 , Grid: 40x40

Red - U velocity

Green - V velocity


Vorticity

 Function Distribution


Stream

 Function Distribution


Stream

 Function Contour Plot


Figure 9: There are presen ted di�eren t t yp es of visualizations generated b y m y solv er. Computations as ab o v e -

R e = 500 and other parameters are the same. (That is only a part of p ossibilit y visualizations, more will b e a v ailable

on m y w eb page so on).
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6.3 SIMPLE, SIMPLER, Driv en Ca vit y , R e = 100 , Grid: 21x21

40x40, Aspect Ratio 1:1


30x60, Aspect Ratio 1:2


40x60, Aspect Ratio 2:3


Figure 10: Streamlines plot for SIMPLE (and SIMPLER - b ecause they are the same) calculation of driv en ca vit y

with R e = 100 and di�eren t grid sizes and asp ect ratios.

6.4 Con v ergence for SIMPLE and V orticit y-Sream algorthms

9
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Figure 11: That �gure sho ws ho w con v ergence c hanges during iteration steps. On y axis w e ha v e
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v ariable.
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Figure 12: That �gure sho ws ho w con v ergence c hanges during iteration steps. On y axis w e ha v e
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j v

n

j

v ariable.
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6.5 Con v ergence comparision

 0.1

 0.2

 0.3

 0.4

 0.5
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 0.7

 0.8

 0.9
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 200  400  600  800  1000  1200
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nv

er
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nc
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SIMPLE
SIMPLE Revised
Vorticity-Stream

Figure 13: Con v ergence test for three solution algorithms. A lot of problems app eared there. Con v ergence sp eed

dep ends on a lot of things, so for di�eren t prop erties of calculation (Reynolds n um b ers, spatial grid resolution, p oisson

equation accuracy etc.) di�eren t results app ears. That results computed for R e = 300 and grid 30 x 30 sho ws that

V orticit y-Stream function solv er con v erge faster than SIMPLER and SIMPLE. An yw a y - more carefully study should

b e made there to mak e sure ab out that results. On the y axis w e ha v e j v

n � 1

� v

n

j con v ergence co e�cien t.
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7 Calculation F or Flo ws o v er Obstacles

In that section I presen t some calculations made to test m y SIMPLE solv er for problems other than Driv en Ca vities.

There w ere some problems with b oundary conditions and still more w ork is needed there, but fortunately results are

really nice.

Figure 14: Flo w of Incompressible 
uid o v er set of holes. Calculation made for R e = 250 and grid size 60 x 40.

Figure 15: A V ortex-Karmann Street. Calculation made for R e = 400 and grid size 119 x 40.

More results and an application "Hydro dynamica" for Windo ws op erating system y ou can do wnload free of a home

page of an author.
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8 Conclusion

I ha v e dev elop ed three di�eren t metho ds for calculation of incompressible 
uid 
o w. T ests for simple Driv en Ca vit y

problem w ere made. I compared con v ergence sp eed for all the metho ds and it seems that con v ergence sp eed dep ends

on problem form ulation and ph ysical prop erties of sim ulated system. F or future I will try to concern more on ho w

to treat b oundary conditions for b oth - pressure based and v orticit y-stream function metho ds. Also some kind of

user-friendly soft w are will b e released in near future. I w ould lik e to thank Grzegorz Juraszek for English language

c hec king.

A App endix A

T o calculate primed v elo cit y correction v alues w e use appro ximate forms of the momen tum equations:

@ u

0

@ t

= �

@ p

0

@ x

(39)

@ v

0

@ t

= �

@ p

0

@ y

(40)

If w e assume that v elo cit y correction are zero at the previous time step, w e can get straigh tforw ard expressions for

v elo cit y corrections at curren t time step:

u

0

= � � t

@ p

0

@ x

(41)

v

0

= � � t

@ p

0

@ y

(42)

Then, those t w o equations are discretized and w e obtain simple expressions for calculation of v elo cit y corrections:

u

0

= �

� t

� x

( P

0

i +1 ;j

� P

0

i;j

) (43)

v

0

= �

� t

� y

( P

0

i;j +1

� P

0

i;j

) (44)
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