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Introduction Conventions

Basic symbols & conventions

e D=4

ec=h=1

e n = diag(—,+,+,+)

@ Greek indices correspond to the curved space. Latin indices

correspond to the tangent space.
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Introduction Einstein—Cartan theory

Poincaré group

Initially devised to be the symmetry group of Maxwell equations

Consists of (local) translations, rotations and boosts

Algebra consists of 10 generators: momenta and angular momenta
o Commutation relations:
[P,uv P,,] =0

[J/“,, Pp] = i(nuppu - nuppu)
[J,um Jpa] = i(nup-juo - anJua - nquVp + nya-/up)

We now choose it to be group of fundamental symmetries of our
theory
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Introduction Einstein—Cartan theory

Differential forms

o Coordinate-independent approach

0 o= Qjpjy..iy dx A dx A ... A dxik

o Wedge product: o A (3 is a form of greater rank
o Exterior derivative da:

Oy,

da = T dx A dx A LA dxk A dxd
ox’
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Introduction Einstein—Cartan theory

Einstein—Cartan theory

@ Gauge fields for Poincaré group

o Translations P? =¥ field of frames e? = e dx*

o Lorentz rotations Q., = —Qp, = field of connection w?b = w;”f’ dx*
@ Transformations under Lorentz group element A

W' = AwnAT — (dN)pAT
e = Ane

@ Transformations under translation &°

/
W =w

e =e+df+wné
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Introduction Einstein—Cartan theory

Curvature and torsion

@ Two important two-forms
ab __ ab a cb
R = dw® + wi ANw

T2 =de® +wi AeP

e Bianchi identity (curvature is covariant constant)
dR =ddw + dwAw)=dwAw—wA dw
=dwANwHWAWVAW—-—wWAdw —wWAWwAW
=(dvtwAw)Aw—wA(dw+wAw)=RAw—-—wAR

@ Similar identity for torsion
dT =dde+d(wAe)=dwAe—wAde
=dwvhetwAwNhe—wAde—wAwAe
=(dwtwAw)he—wA(de+wAhe)=RANe—wAT
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Introduction Einstein—Cartan theory

Relation to ‘classical’ general relativity

14

@ eis invertible =» g, = nabejeb
@ May be proven that
R? — %ngR +Anp=kT3,
Tl?c = KJSZC + ﬁsgbng - ﬁsgcnz

o Classical GR assumes also T = 0 and e = const. Everything, incl. R
may then be expressed in terms of g.
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Mathisson—Papapetrou equation Free spinning particle

Representation

@ Particles represented as elements of connected Poincaré group

Pl =R* x L} = {(z,N)}

@ z — coordinates of particle location
@ A relates to momentum and spin:
o p,=mNyg,m>0

° %Sabdab = )\/\012/\_1 =-iS
where (020)cq = —i(n2nb — n3nk), X = const

o It follows that %SabSab =\, p,S5? =0

Pawet Laskos$-Grabowski (IFT UWr) Torsion January 10, 2009



Mathisson—Papapetrou equation Free spinning particle

Free lagrangian

Classical spinning particle: Ly = %m)?z + \i Tr(o3s715)

Relativistic analogue: L, = p,z° + i3 Tr(o2A1A)
@ Variation w.r.t. z =» obviously p, =0
@ General variation of A is of such form: A =je-o A\

Then follows SA~1 = —iA~1e. o — because
0=06(AM"1 =6AANT+ AN =ic- o AN+ ASATE
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Mathisson—Papapetrou equation Free spinning particle

Free lagrangian (cont.)

Variation w.r.t. A

o If k? = 72pb = (22pP)", then
§(paz?) = mz26N,0 = mi(e - 0)pN52°
= —i(e-0)pak® = =i Tr(e- o k)
@ The other term yields
A 1; A A1 -
155(-”(012/\ N)) = i Tr(o12 - —iN" (e o)N)
- i% Tr(o1aA " ti(e - o))

+ i% Tr(o12A"ti(e - o)A)

= é Tr(iMopA (e o)) iﬁ
S
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Mathisson—Papapetrou equation Free spinning particle

Free lagrangian (cont.)

Angular momentum conservation

o Full variation now reads 6L, = —i Tr(ke- o) + 4 Tr(S(e- 0)")

o Integrating by parts gives L, = —i Tr((z2p® + 35%)" (e - 7))

o Conserved charge — total angular momentum:
Mab _ Zapb o pra 4 Sab

o If we expand M =0, multiply by p, and recall that paSQb =0, we'll
obtain p || z

e Furthermore, then p, = mz,/v/—Zz2 and Gab _
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Mathisson—Papapetrou equation Particle in gravitational field

Outline

e Mathisson—Papapetrou equation

@ Particle in gravitational field

Pawet Lasko$-Grabowski (IFT UWr) Torsion January 10, 2009 15 / 25



Mathisson—Papapetrou equation Particle in gravitational field

Lagrangian with fields

@ Analogous design of lagrangian
a- A 1 ,
L = paejzt + i Tr(o12A""D;A) + field part

o Covariant derivative — (D,A)?, = /\ab + 2“waAcb

@ Varying w.r.t. A is formally identical
SL=—iTr(Je o)+ éTr(SDT(e .0))

where J?b = ejé“pb
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Mathisson—Papapetrou equation Particle in gravitational field

Lagrangian with fields (cont.)

Spin precession equation

o Carrying on. ..
L=—iTr(Je- o)+ éTr(S(e o) + S[zFwy, € o))
E—iTr(Je-a)—i—éTr(—Se-J-i-SZ“wue-a—i“w#Se-a)

=—iTr((J + %DTS)E -0)

o EOM: 43> — Jb2 1 (D,.S)?* =0

i
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Mathisson—Papapetrou equation Particle in gravitational field

Lagrangian with fields (cont.)

Varying w.r.t. z

This will hurt only for a while. ..
A
OL = p,eldzt + paz 620,63 + i Tr(o1oA " (2+w,, + 2252"0,wy)N)
1
= pae0z! + p.z7621 05 + 5 Tr(S(0z"w,, + 26219,wy))
. 1 .
= —(pae;) 02" + paz*6z10,e8 + 5 Tr(—Sw,, — S, + S22,w\)02"

If Jab = J2b — Jb2 then 0 = J 4+ D,S = J + S 4 [z wy, S], so we expand
S = —J— [z wy, 5] into the following

oL . : 1~ . : .
T —(pag) + paz el + 2 Tr(Juw + [2w, Slwy — Si + SZA‘?MF)
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Mathisson—Papapetrou equation Particle in gravitational field

Lagrangian with fields (cont.)

Varying w.r.t. z (cont.)

We will now apply three simplifications at once:

o Tr([z*wy, Slwy) = Tr(z*Sw,wy — S7rwyw,) = Tr(é)‘S[wu,wA])
° Tr(jwu) = (Jap — Jba)wba = —2Jabwab —2e2 zApbw
a
Sz

+ %Tr(é)‘S[wu,wA] — 2 SOw,, + 22 S0,w))

—(Pa€3)" + paz’Ouel — e 2Appw’

..and 8Mw,\ (9,\wu + [w;uw)\] !

,u)\
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Mathisson—Papapetrou equation Particle in gravitational field

And we're donel!

@ Now we expand the first term
(Pa€l)" = pa€l + patl = (Drpa — 2w,\pp)el + paz*Ore]

o After insertion we see

oL 5 1.y
i —eiDrps+ 52 Tr(SR.»)
+ kaab/\pbez - pai’\a,\ez + paz0,ed — eﬁzprwgb
paz (Onex — One; + wjbe/’\’ - wj’\beﬁ)
T2

Mathisson—Papapetrou equation (with torsion)

: 1,
(Drpa)ed = pa2* Ty + 5zA Tr SR,
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Finish Motivations and conclusions

What's all this for?!

@ E-C theory allows us to consider spinning particles
@ No inherent reason for T =0

o What is torsion itself, anyway?
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Finish Motivations and conclusions

What's all this for?!

Curvature

" "
X+ e X+ g+ oM

Velg)

Vector is rotated, when transported along a closed path
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Finish Motivations and conclusions

What's all this for?!

Torsion

Closed paths ‘don’t close’, i.e. translation addition doesn't commut
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Finish Motivations and conclusions

What's all this for?!

E—C theory allows us to consider spinning particles

No inherent reason for T =0

o What is torsion itself, anyway?

Simpliest physical realisation of translation — movement of a test
particle by a fixed amount of affine parameter

MP equation leads to EOMs for particles in contorted spacetime
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