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Verify that Vx(VyZ") — Vy(VxZF) — V[Xy]Z“ = R“OWPZQXVY'O.

We'll use the following identities:
VXY =0, X" +T7,X°
VxYH =X"V,Y#
(X,Y]" = X"9,Y" - YH0, X"

Plugging all these into the lhs of the identity in question and expanding we obtain the
following:

LHS = XV, (YPV,Z") = Y'V,(X’V,Z") - [X,Y]'V, 2" =
= XY(0,(YPV21) + 15, (YN, 27)) = Y (0, (XPV, 21) + T4, (XY, 27)) — [X, Y'YV, 2"
— XY(8,YP)V , 2" + XYY PO,V , 2 + X'TH Y PV , Z2°
—YY(0,XP)V, 2" — YV XPO,N , 2" — Y TH, XPV , 27
— (XPO,Y" = YP,X")V, Z"

Now we see that the last term cancels the first and fourth. We need to expand V'’s in the
remaining terms.

LHS = X¥Y?,8,2" + X"Y"0,(T", Z%) + X"T",Y (9,27 + 5, Z%)
~ YVXP3,8,2" — YVXP, (T, Z%) — Y'T", XP(9,27 + 9, Z%)

First terms in each line cancel out, for d,,d, commute.
LHS = X"Y*(0,1,,)Z2° + X"Y*T,0,27 + X'Th, YP0,Z° + X"TL, YT, 2%
- YYXP(O,1',) 27 =YY XTI, 0,27 = Y I, XP0,Z7 — Y T, XPT7, 2

Second term in the first line cancels the third in the second line and vice versa. After
renaming indices in the remaining terms, we obtain the desired result.

LHS = (8,T%)Z°X"Y? — (9,T,) Z° X Y + T%, T, Z* X Y — ¥ T9 Z°X"Y"

oV po opT rx

= (0T, — 9T, + T 19, —TH T VZ°X"Y" = R*,, Z°X"Y".

Vot pa pot vo avp

Verify that for geodesic z(7), V,v = Vi = 0.

By simply rewriting the expression we recover the geodesic equation.

(chainrule) ..

Vit = it(0yd” +1T,,2°) ¥+ I el = 0.



