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Verify that ∇X(∇YZ
µ)−∇Y (∇XZ

µ)−∇[X,Y ]Z
µ = Rµ

ανρZ
αXνY ρ.

We’ll use the following identities:

∇µXν = ∂µX
ν + ΓνµρX

ρ

∇XY µ = Xν∇νY µ

[X,Y ]ν = Xµ∂µY
ν − Y µ∂µX

ν

Plugging all these into the lhs of the identity in question and expanding we obtain the
following:

LHS = Xν∇ν(Y ρ∇ρZµ)− Y ν∇ν(Xρ∇ρZµ)− [X,Y ]ν∇νZµ =

= Xν(∂ν(Y ρ∇ρZµ) + Γµσν(Y ρ∇ρZσ))− Y ν(∂ν(Xρ∇ρZµ) + Γµσν(Xρ∇ρZσ))− [X,Y ]ν∇νZµ

= Xν(∂νY ρ)∇ρZµ +XνY ρ∂ν∇ρZµ +XνΓµσνY
ρ∇ρZσ

− Y ν(∂νXρ)∇ρZµ − Y νXρ∂ν∇ρZµ − Y νΓµσνX
ρ∇ρZσ

− (Xρ∂ρY
ν − Y ρ∂ρX

ν)∇νZµ

Now we see that the last term cancels the first and fourth. We need to expand ∇’s in the
remaining terms.

LHS = XνY ρ∂ν∂ρZ
µ +XνY ρ∂ν(ΓµρσZ

σ) +XνΓµσνY
ρ(∂ρZσ + ΓσραZ

α)

− Y νXρ∂ν∂ρZ
µ − Y νXρ∂ν(ΓµρσZ

σ)− Y νΓµσνX
ρ(∂ρZσ + ΓσραZ

α)

First terms in each line cancel out, for ∂ν , ∂ρ commute.

LHS = XνY ρ(∂νΓµρσ)Zσ +XνY ρΓµρσ∂νZ
σ +XνΓµσνY

ρ∂ρZ
σ +XνΓµσνY

ρΓσραZ
α

− Y νXρ(∂νΓµρσ)Zσ − Y νXρΓµρσ∂νZ
σ − Y νΓµσνX

ρ∂ρZ
σ − Y νΓµσνX

ρΓσραZ
α

Second term in the first line cancels the third in the second line and vice versa. After
renaming indices in the remaining terms, we obtain the desired result.

LHS = (∂νΓµρα)ZαXνY ρ − (∂ρΓµνα)ZαXνY ρ + ΓµσνΓσραZ
αXνY ρ − ΓµσρΓ

σ
ναZ

αXνY ρ

= (∂νΓµρα − ∂ρΓµνα + ΓµνσΓσρα − ΓµρσΓσνα)ZαXνY ρ = RµανρZ
αXνY ρ.

Verify that for geodesic x(τ), ∇vv ≡ ∇ẋẋ = 0.

By simply rewriting the expression we recover the geodesic equation.

∇ẋẋ = ẋµ(∂µẋν + Γνµρẋ
ρ)
(chain rule)

= ẍν + Γνµρẋ
µẋρ = 0.


